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The transfer of heat from a strongly heated, heavily finned surface is 
examined. The material of the surface and of the fins has high ther- 
mal conductivity (copper), while the heat transfer fluid has compara- 
tively low thermal conductivity (off). Under these conditions, increase 
in the number of fins and reduction of the distance between them 
makes possible a high value of the coefficient of heat transfer from 
the heated surface to the fluid. 

We shall  examine  a cy l ind r i ca l  body (figure) with 
in tense  heat  t r a n s f e r  f r o m  its  su r face  to a fluid f low- 
ing in g rooves  fo rmed  in the cy l ind r i ca l  su r face  in a 
d i r ec t ion  p a r a l l e l  to the axis .  

Let  us cons ide r  the case  when the g rooves  and the 
fins s epa ra t i ng  them a r e  sma l l  in the tangent ia l  d i -  
rec t ion ,  and when the t e m p e r a t u r e  may be r e g a r d e d  
as constant  through the th ickness  of a fin. T r a n s f e r  
of heat  along a fin by conduction is not cons ide red .  
Neglec t  of heat  t r a n s f e r  through the fin in the long i -  

tudinal d i rec t ion  gives  a fin t e m p e r a t u r e  in the ho t -  
tes t  reg ion  that is g r e a t e r  than the ac tual  value.  The 
t he rmophys i ca l  constants  of the f lu id - - spec i f i c  heat,  
t h e r m a l  conduct ivi ty ,  v i s c o s i t y - - a r e  r e g a r d e d  as con-  
stant  throughout the flow. The coef f ic ien t  of heat  
t r a n s f e r  a f rom the fin su r face  to the fluid is c o n s i -  

de red  cons tant  over  the whole su r face  of the fin, s ince 
the Nusse l t  number  fo r  a plane s lot  is l i t t le  affected 
by the heat  t r a n s f e r  condit ions (we a r e  concerned  
with the l amina r  flow r e g i m e ,  s ince the g roove  width 

is sma l l  [1]). 
The ques t ion  is to find the t e m p e r a t u r e  field and 

the coef f ic ien t  of heat  t r a n s f e r  f rom the heated s u r -  
face to the cool ing fluid. We introduce the coord ina te  
sys tem r ,  z, as shown in the f igure.  In this c o o r d i -  

nate sys tem we cons ide r  the c r o s s  sec t ion  of a fin 
approx ima te ly  as part  of a s e c t o r  with cen t e r  at the 
point 01. The rad i i  of the tip and base  of the fin, b 
and a, a r e  then eas i ly  d e t e r m i n e d  in t e r m s  of rad i i  

R 2 and R 1 (see fig. ): 

b Rz • 1 • 1 
= - - ,  a = R~ �9 ( 1 )  

2 sin(~/2) 2 sin(q0/2) 

With the above assumpt ions  the d i f fe ren t ia l  equa -  
tion of heat  t r a n s f e r  for the fin has the form 

0/r 
x~-g-r ~ O~ l 

(2) 

The boundary condit ions for  (2) a r e  

Ot 
- - = 0 w h e n  r = b  (3) 

Or 

(no heat  flux through the tip of the fin), 

Ot q-~when r = a. 
Or ~, 

(4) 

0 

Sketch of heavi ly  finned cy l ind r i ca l  body. 

is 
The d i f fe ren t ia l  heat  balance equation for the fluid 

Ou 
- -  = 2 a  ( t  - -  u ) .  ( 5 )  co x y  Oz 

The boundary condit ion for (5) is 

u = 0 w h e n z - - - - 0  (6) 

(the t e m p e r a t u r e  of the fluid in the ini t ial  sec t ion  is 
a s s u m e d  to be zero) ,  

To solve the sys t em of equat ions (2) and (5), we 
p e r f o r m  a Laplace  t r a n s f o r m a t i o n  of these  equat ions 
and the i r  boundary condit ions.  Here  the t r a n s f o r m a t i o n  

may be p e r f o r m e d  both for an infini tely long fin and 
for a finite one, so that, owing to absence  of heat  
conduction in the longitudinal d i rec t ion ,  the fin of 
finite length may be cons ide red  as the f i r s t  par t  of an 

infinite one. 
We introduce the notation 

-t= j~" exp(pz)t(r, z)dz; h= ~ .exp(pz)dz (7) 
o 

After  t r a n s f o r m a t i o n  we obtain f rom (2), (3), and 
(4) 

2a (t - -  u) -- ~.q~ -~ r  r ~ f -  , (8) 
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dt q l whenr  = a (9) --=dt Owhenr=b; --dT-= X - -  
dr P 

and f rom (5) and (6) 

2a ( [ - -  u) = cv xVpu. (10) 

El imina t ing  the var iab le  t f rom (8) and (10), we 
obtain for fi the equat ion 

d*}~ d u  
r d - ~ - + ~ -  7- -i-su=O (11) 

with boundary  condit ions 

du 
d r - - 0 ,  r=b;  

d;, q i 
CVxy ' dr X p 1 + --Td--a p 

r ~ a ,  

(12) 

where  

20. p 
s = (13) 

Xe? 2alcv •165 + p 

Solving (11) and sa t i s fy ing  boundary condit ions 

(12), we find [2] 

u qqD ] / ~  X 
cv • p~ 

X 10(2 lfsr)Y,(2]/'sb) - V 0 ( 2 ] / ~ ) I , ( 2 ] / ~ )  (14) 
It (2 V ~ )  Yt (2 ] / ~ )  - -  It  (2 I / ~ )  Y, (2 V ~ )  ' 

T r a n s f o r m i n g  (14), we find 

U w  - -  qq~ a z + ~  (b - - a )  + l n - - - -  1 
cony b - - a  r 

+a [ ,n  b 
a 2 a 

' 

+ ~ - ,  1 / a x  

• X/exp(pnz) ( 2a 1 + l ) ] / ~ 1 t ( 2 W s - ~ , I : t ( 2 V ' s - ~ ) X  
~=tt CVxy Pn 

x [i~ (2 V ~ )  - t~ (2 V~.-~)I -~} x 

X [Yo (2 ] /s~) 11 (2 Vs~) - -  Io(2 ] /s~)  Y, (2 ] /s~)l ,  (15) 

where s n a re  roots  of the equation 

Ii(2V~)Ya(2IFm)--I,(2I/'~)Y,(2I/-~) =0 (16) 

(equation (16) has only rea l  roots  [3]), and Pn a r e  
found in t e r m s  of s n f rom (13). 

It can eas i ly  be shown that the s e r i e s  in (15) con -  

ve r ge s. 

We shal l  find the fin t e m p e r a t u r e  from (5) with the 
aid of (15): 

t = q(p az + qtp a + 
cv• b - - a  2a b - - a  

+ o{,o  - 
, c O  

xE/( 
2 

1 ~ 2 +  CV• ) P ~ p V~,11 (2 ]/s-~) It (2 ]/s-~) x 

X [I~(2 Vz~.b) -- I~ (2 V's.--a)] -t} )< (17) 

• exp(..z) [y0(2 e )I, (2 i0(2 esT)Y,(2/sT)] 

We shal l  a lso examine  the coeff ic ient  k, defined as 
the ra t io  of the heat flux pass ing  through the sur face  
of radius  R l to the t e m p e r a t u r e  di f ference between the 
base  of the fin (cooled surface)  and the mean  fluid 
t e mpe r a t u r e  over the fin height u ~ 

where 

k = q/( I + • a) (to - -  u~ (18) 

b 
t~ 

uO= 1 ~ udr; to=t,=a (19) b - - a  J 
I 

a 

With the help of (15), (17), and (19) it is easy  to e o m -  
pute k at  any point on the eo01ed surface .  

Thus the problem has been solved. 
It is easy to see that the value of the coeff ic ient  k 

in the in i t ia l  sect ion kma x is g r e a t e r  than in the la te r  
sec t ions ,  i . e . ,  k fal ls  with i nc r ea s ing  z. As z ~ 0% 
k tends to some m i n i m u m  value kmi n, which is eas i ly  
found from (18), us ing (15), (17), and (19), to be 

k ' ~ = ( b - - a ) { ( l  + x-~)[ q~ a ~a 

(20) 
+ ab ( 2 ab 32 +b-ab l n - ~ ) ] } - ' .  

Using (20) we can show how effective the cooling 
method examined is for a very dense a r r a y  of fins 
and very  sma l l  grooves (channels) between fins.  Let 
R 2 = 16.5 era, q~ = 0.00266, R 1 = 15 era, X = 3.8 W/cm 2, 
�9 ~ x = 0.02 era, a = 0.25 W/era 2, *C. Then f rom 

(20) we have kmi n = 3.29 W/cm 2. ~ i. e . ,  the m i n -  
imum value of k is quite large .  This example c o r r e -  
sponds to oil cooling of a heavi ly  fined copper  sur face .  
It is not hard to obtain an express ion  for the max imum 
value of k in the ini t ia l  sect ion,  if we cons ider  the 
fluid t e mpe r a t u r e  cons tan t  over the en t i re  channel  

kmax V2akla(p l,(ebl"~)K,(eal!2)--la(eal/2)Kl(ebC~2) 
1 -{- x/q~ a lo (e a t/2) Kx (e b 'i2) + Ko (~ a i/2) I1 (e b t/2) ' 

e = Vsa/;4:. (21) 
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In the above example  ca lcu la t ion  of k without  tak ing  
account  of w a r m i n g  up of the fluid g ives  kma x = 4.88 
W / c m  2. ~ 

Thus,  in p r a c t i c a l  c a l cu l a t i ons ,  i t  is  n e c e s s a r y  in 
a number  of c a s e s  to use  (20) t oge the r  with (21), 
p a r t i c u l a r l y  s ince  (20) g ives  a b e t t e r  d e s c r i p t i o n  of 
heat  t r a n s f e r  a t  the ho t t e s t  point  of the b o d y - - a t  the 
f luid out let .  

NOTAT ION 

R 2 and R1--radii of cylindrical surface at tip and 
base of fins, respectively; r, z--coordinate axes; ~-- 
angle between planes of adjacent slots; X--slot width; 
b and a--coordinates of tip and base of fin; k--thermal 
conductivity of fin material; t--fin temperature; u-- 
mean fluid temperature over slot width; ~--coeffi- 
cient of heat transfer from fin surface to fluid; c--  
specific heat of fluid; v--fluid velocity (since the 

v i s c o s i t y  is c o n s i d e r e d  cons tan t  over  the flow, v is  
a l so  constant ) ;  q - - d e n s i t y  of heat  flux through base  
of fin; T - - spec i f i c  weight  of fluid; t, u - - L a p l a c e  t r a n s -  
f o r m s ;  p - - L a p l a c e  t r a n s f o r m  p a r a m e t e r ,  s - - a u x i -  
l i a r y  quant i ty  d e t e r m i n e d f r o m  equat ion (13); I, K, J, 
Y - - B e s s e l  functions;  u~  fluid t e m p e r a t u r e  over  
height  of s lot .  
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